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Abstract

Long-lived singlet states have been observed in the solution NMR of spin systems containing more than two coupled spins, despite the
fact that the singlet state is expected to be quenched by small long-range J-couplings. We show that the stability of localized singlet states
may be explained by taking into account the intra-pair J-coupling between the two spins which participate in the singlet state. The rel-
atively strong intra-pair J-coupling protects the singlet state against quenching by weaker out-of-pair J-couplings.
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1. Introduction

Singlet states with much longer lifetimes than 7} may
exist in systems containing isolated pairs of coupled
spins-1/2 [1-6]. The long lifetimes of these states are
revealed if singlet-triplet interconversion is suppressed,
either by transporting the sample into a region of low mag-
netic field [1,2], or by using resonant radiofrequency irradi-
ation in high magnetic field [3-6]. Singlet lifetimes of up to
37T, have been demonstrated [6]. The long lifetimes of
these states have been exploited for studies of spatial diffu-
sion [4] and chemical exchange [6]. Long-lived spin states
are expected to be useful for transporting hyperpolarized
nuclear spin order, such as that prepared by techniques
such as dynamic nuclear polarization (DNP) [7] or by
chemical reactions of parahydrogen [8-12,10,13-15].

The existence of long-lived spin states has also been
demonstrated in systems of more than two coupled spins-
1/2 [15,16], including large biomolecules [6]. However, the
precise nature of the long-lived states in multiple-spin sys-
tems is not yet clear. The most obvious interpretation is
that one spin pair combines to form a singlet state, with
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the other spins being passive. This localized singlet state
does not relax under the motional modulation of the
intra-pair dipole—dipole coupling, and is therefore rela-
tively long-lived.

The localized singlet hypothesis is challenged by the
existence of finite J-couplings between the spins that partic-
ipate in the singlet state and other nuclei. In general, these
out-of-pair J-couplings do not commute with the singlet
population operator. The out-of-pair J-couplings are there-
fore expected to transform the singlet population into other
density matrix elements, which are in general short-lived.
This mechanism is therefore expected to quench the singlet
state on a timescale given approximately by the inverse of
the out-of-pair J-couplings [16]. However, this theoretical
expectation is not consistent with experimental observa-
tions of several A4'BB' and AA’ XX’ spin systems [16]. This
discrepancy suggests that either (i) the long-lived states in
these systems are not localized singlets, or (ii) a mechanism
exists which protects the localized singlets against the out-
of-pair J-couplings.

In this communication, we use numerical analysis of the
propagation superoperator to demonstrate the existence of
a stabilization mechanism for localized singlet states, which
we call J-stabilization. A sufficiently large J-coupling within
the spin pair suppresses the influence of out-of-pair J-cou-
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plings. A localized singlet state involving spins with a large
mutual J-coupling is protected against J-couplings to spins
outside the pair as well as the intra-pair dipole—dipole
relaxation mechanism. The localized singlet does, however,
still relax under motional modulation of the out-of-pair
dipole—dipole couplings.

2. Liouvillian eigenvalue analysis
The equation of motion of the spin density operator, in

the presence of simultaneous coherent and incoherent
interactions, is given by

d N

= - 1

olt) = Lp(r) 1)
where the Liouvillian superoperator is

L=—iH+T (2)

Here H is the superoperator for commutation with the
coherent Hamiltonian H, and I” is the relaxation superop-
erator, generated by fluctuations of the incoherent
Hamiltonian. .

The Liouvillian superoperator £ may be expressed as a
N? x N matrix in Liouville space [17], where A is the
number of spin states (equal to 2 for the case of N coupled
spins-1/2). The superoperator L has N eigenvalue-eigen-
operator pairs {L,,0,}, with g € {0.. NP1}

‘ZQq = L(]Qq (3)

The eigenvalues L, are complex in general, with negative
real parts, and may be expressed:

L, =~ +io, (4)

where /, and o, are real. Eigenoperators Q, which have
complex eigenvalues (w,# 0) correspond to coherences,
which oscillate at the frequency w, and decay with a rate
constant Z,. Eigenoperators which have real eigenvalues
(o, = 0) correspond to combinations of spin state popula-
tions, which are conserved under evolution. The decay con-
stants 4, correspond to the decay rate constants of these
stable population configurations.

In the following discussion, we assume that all eigenop-
erators are normalized, i.e. (Q,|0Q,) = d,y, where the oper-
ator bracket is defined [17]

(4|B) = Tr{4'B} (5)

The Liouvillian superoperator always has one vanishing
eigenvalue Lo =0: the corresponding eigenvector is pro-
portional to the sum of all population operators:

%:Mmimm (6)

The sum of all populations is always conserved for a closed
spin system.

The remaining rate constants A, with g€ {l...
N — 1}, comprise the set of decay rate constants for all

conserved configurations of populations and coherences.
A particularly small value of /.. indicates the presence
of a long-lived mode of nuclear spin order.

The nature and existence of long-lived states in arbi-
trarily complex spin systems may therefore be explored
by (i) setting up the superoperators H and I, assuming a
particular spin system, set of coherent interactions, and
relaxation model; (ii)) numerical diagonalization of the
N2 x N* matrix representation of L; (ii1) identification of
eigenvalues with particularly small real parts (ignoring
the zero eigenvalue); (iv) examination of the eigenopera-
tor(s) corresponding to the small real eigenvalue(s).

The technique is illustrated in Fig. 1, which corresponds
to an ensemble of inequivalent spin-1/2 pairs, in the pres-
ence of a resonant radiofrequency field at the mean of
the two chemical shift frequencies. Since each spin-1/2 pair
has 4 spin states, there are 4> = 16 Liouvillian eigenvalues.
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Fig. 1. (a) Two-spin system used in the simulation. The simulation
parameters are: chemical shift frequency difference = 76.0 Hz; J-cou-
pling = 3.1 Hz; dipole-dipole coupling = —18.5 kHz; rotational correla-
tion time=8.4ps. (b) Decay rate constants of the Liouvillian
eigenoperators, as a function of the rf field amplitude, expressed as a
nutation frequency w,,. The long-lived eigenoperator is shown by the
bold grey line. The dashed line indicates the conserved sum of all
populations. (c) Singlet content of the long-lived eigenoperator, as a
function of the nutation frequency wyy,.
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The 16 complex eigenvalues were determined as a function
of the nutation frequency w,,, which is a measure of the rf
field amplitude. Fig. 1b shows the variation in the decay
rate constants Z, (given by minus the real parts of the Liou-
villian eigenvalues) as a function of the nutation frequency.
The imaginary parts of the eigenvalues are not shown.

Fig. 1b shows how the decay rate constants 4, vary as a
function of the rf nutation frequency wg,. As described
above, there is always one zero eigenvalue at all rf field val-
ues, which corresponds to the conserved sum of all spin state
populations (dotted line in Fig. 1b). The real parts of the
other 15 eigenvalues vary with the applied rf field. When
the nutation frequency increases beyond around 60 Hz,
one eigenvalue separates from the pack and drops towards
zero (bold grey line in Fig. 1b). This small eigenvalue indi-
cates the long-lived spin state. A sufficiently large rf field sup-
presses the chemical shift difference, in the sense of average
Hamiltonian theory, and allows the long-lived singlet to
become manifest.

Suppose that the eigenvalue-eigenoperator pair corre-
sponding to the long-lived mode of spin order is labelled
{ALLs, Oris}. The nature of the long-lived state may be
explored by evaluating its singlet content, which is defined
as follows:

Stis = (P(S0)|Ovis) (7)

where the population operator of the singlet state is given
by

P(So) = \So><SO| (8)

and the singlet and triplet kets for the spin pair are given
by:

1S0) = J5(leB) — |Bor))

T11) = Joz)
1To) = 5(12B) + ) ®)
|T—1> = |/3/3>

For the two-spin case, the singlet content is given by the
following matrix element of the eigenoperator:

SLis = <S0‘QLLS|S0> (10)

The singlet content Sy;g of the long-lived eigenoperator
O11s is plotted as a function of nutation frequency in
Fig. 1c. Asexpected, the singlet content increases as the nuta-
tion frequency increases. In the limit of large wy,,, the singlet
content of the long-lived state tends to the value
%\/3 =~ (.8066.

At first sight, it is surprising that the singlet content does
not tend to unity at large values of w,,,. However, we must
remember that the sum of all populations is also an eigen-
operator, and that the Liouvillian eigenoperators are very
close to being orthogonal, since the commutation superop-
erator of the Hamiltonian is hermitian, and has orthogonal
eigenoperators. The long-lived eigenoperator Oy 1 s is there-
fore almost orthogonal to the eigenoperator Qy, which rep-
resents the conserved sum of all populations (Eq. (6)). The

eigenoperator Q| s therefore tends to the following expres-
sion in the limit of large wyy:

Oris — 2V3{[80) (So| = 2T et ){Ta |+ [ To)(Tol + | T_1){T1]) }
(11)

The numerical factors ensure that Q; g is normalized and
orthogonal to Q. Strictly speaking, the long-lived mode of
nuclear spin order is not given by the singlet population
alone, but by the singlet population minus the mean of
the triplet state populations.

3. J-stabilization of singlet states

Liouvillian eigenvalue analysis may be used to investi-
gate the nature of long-lived states in higher spin systems,
in particular their persistence in the presence of long-range
J-couplings.

The simulations shown in Fig. 2 illustrate the phenome-
non of J-stabilization. A third spin is coupled to the two-
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Fig. 2. (a) Three-proton system used in the simulation. The simulation
parameters are as follows: isotropic chemical shift frequencies, relative to
the rf carrier frequency: w,/2n = —200 Hz, w,/2n =+200 Hz, and w3/
21 = +2 kHz; J-couplings Ji3 =3 Hz and J,;3 =1 Hz; Rf nutation fre-
quency wy./2n = 3.5 kHz; Dipole-dipole couplings b»/2n = —7.8 kHz,
b3 =0, b3 =0. Rotational correlation time t.= 7.5 ps. Spin I3 experi-
ences an external random field of magnitude Bgrp =66 uT with a
correlation time tgr = 23 ps. (b) Decay rate constants of the Liouvillian
eigenoperators, as a function of the intra-pair J-coupling J;,. The long-
lived eigenoperator is shown by the bold grey line. The dashed line
indicates the conserved sum of all populations. (c) Singlet content of the
long-lived eigenoperator, as a function of the intra-pair J-coupling J,.
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spin system, using two different J-couplings. For simplicity,
the dipole—dipole interactions involving the third spin are
set to zero, in order to isolate the effect of the J-couplings.
The simulation includes an rf field with a nutation fre-
quency wy./2n = 3.5 kHz, which is sufficient to suppress
the chemical shift difference between spins I; and 1.

The issue at stake is whether the small J-couplings to the
third spin (J3 and J»3) quench the long-lived singlet state
between the first two spins, which is locked by the relatively
strong rf field. In order to isolate this issue, the third spin is
given a relatively rapid random field relaxation, to ensure
that the only potential long-lived state is associated with
the singlet state composed of spins /; and 1.

The decay rate constants, which correspond to minus
the real parts of the Liouvillian eigenvalues, are plotted
against the intra-pair J-coupling Ji, in Fig. 2b. There are
64 eigenvalues in all, including the zero eigenvalue corre-
sponding to the conserved sum of all populations, shown
by a dotted line. As the value of J;, increases, the decay
rate constant of the long-lived state, shown by the thick
grey line, drops sharply. Fig. 2b demonstrates that (i) no
long-lived state exists in the three-spin system if the intra-
pair J-coupling Jy, vanishes; and (ii) A sufficiently large
value of J, restores the long-lived state, and protects it
against quenching by the out-of-pair J-couplings J;3 and
J23.

Further simulations (not shown) indicate that the
important factor is the difference in the out of pair J-cou-
plings, |Ji3 —Ja3|. Identical J-couplings Ji3 and Jo; do
not quench the singlet state.

The singlet state involving spins /; and I, comes in two
varieties, dependent on the state of the third spin, which we
will denote as follows:

86775%) =27 (lafiz) -
557 =272 (|app) -

|poar))

(12)

b))
The singlet population operator for spins I; and I, irre-
spective of the state of spin /3 is given by

12 12 12 12 12
P(Sy™) = |85 a) (S5 al| + 18y B (557 B (13)
The corresponding singlet content of a long-lived eigenop-
erator Qpig Is given by

Siis = (P(Sy™)IOuvs) (14)
The singlet content {3 of the long-lived eigenoperator is
examined in Fig. 2c. As expected, the singlet content in-
creases as the intra-pair J-coupling becomes larger. How-
ever, this time, it approaches the limiting value of v/3/2
very slowly.

The J-stabilization of singlet states may be understood
as a consequence of the secular approximation. Consider
a basis composed of the singlet kets in Eq. (12), and the
triplet kets defined as follows:

I7{Pal) = |no)

7520y = 2712 (|aor) + | Borar)

T8Pa) = [Bp) 15)
707 = |aap)

752 By =272 (|app) + | BB))

TP = |BBP)

These kets may be classified in terms of their total angular
momentum quantum number M along the z-axis, for
example

1,2
LT o) =31 Pe)

12 3
LTS Yy = 412 o) (16)
IZ‘TE)I,Z)O((.%)) _ %|Tél’2)oc<3)>

and so on. Since the coupling Hamiltonian commutes with
I, and the singlet and triplet kets are all eigenkets of I, the
matrix representation of the coupling Hamiltonian is
block-diagonal in the basis spanned by the singlet states
in Eq. (12) and the triplet states in Eq. (15). There are
two one-dimensional blocks (one state each with
M = £3/2) and two three-dimensional blocks (three states
each with M = £1/2).

Consider the M = +1/2 block, Wthh is spanned by the
states {|S\"7 o), |T12 39, |T+ G)Y}. The correspond-
ing block of the J-coupling Hamiltonian matrix is given by

—m 3 — 1A
H, = inJa 3 %T&]z
—5ma )y S —gny

(17)

where the sum and difference of the out-of-pair couplings
are:

Js =Ji3+J2

18
Ja=J13—J2 (18)

Investigation of Eq. (17) shows under which conditions the
out-of-pair J-couplings become ineffective. The diagonal
element of H, corresponding to the singlet state is sepa-
rated from the diagonal elements corresponding to the
two triplet states by 2w/, and 21/, — %TCJE, respectively,
where J), is the intra-pair J-coupling. The off-diagonal ele-
ments connecting the singlet state to the two triplet states
are of the order of mJs. The secular approximation states
that off-diagonal matrix elements may be ignored if they
are smaller than the difference in the connected diagonal
elements. The influence of the out-of-pair couplings on
the singlet state is therefore suppressed if the following con-
ditions are satisfied:
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Via| > 4J15 — T
|J12|—%J13—%~]23>>21W|J13—J23| (19)

Both conditions are satisfied simultaneously if the intra-
pair J-coupling Ji, is much larger than both out-of-pair
J-couplings.

The M = —1/2 block of the coupling Hamiltonian leads
to similar conclusions.

4. Methods

The simulations in Figs. 1 and 2 were performed using
Mathematica version 5.2 [18], assisted by the mPackages
routines, which are available from the authors at http://
www.mhl.soton.ac.uk/public/software/mPackages/.

5. Conclusions

The identification of a stabilization mechanism which
protects singlet states against long-range J-couplings is
gratifying. Without this mechanism, it would be hard to
understand the experimental observations of long-lived sin-
glet states in multiple-spin molecules.

The intra-pair J-coupling does not protect singlet states
from the dipole—dipole relaxation induced by distant spins.
In molecules containing many spins, multiple dipole-dipole
couplings usually cause relatively fast relaxation of singlet
states, compared to the isolated two-spin case. Nevertheless,
the singlet lifetimes may be more than an order of magnitude
longer than 77, in realistic experimental situations.
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